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Abstract 

' We consider the inverse scattering problem at fixed and sufficiently 

large energy for the nonrelativistic and relativistic Newton equation 
in W 1 , n > 2, with a smooth and short range electromagnetic field 
(V,B). Using results of [Firsov, 1953] or [Keller-Kay-Shmoys, 1956] 
we obtain a uniqueness result when B is assumed to be zero in a 
neighborhood of infinity and V is assumed to be spherically symmetric 
in a neighborhood of infinity. 

1 Introduction 

Consider the following second order differential equation that is the multidi- 
mensional nonrelativistic Newton equation with electromagnetic field 

x(t) = F(x(t), x(t)) := -VV(x(t)) + B(x(t))x(t), (1.1) 

where x(t) G IR n , x(t) = 4f(t)- In this equation we assume that V G 
C 2 (lR n ,M) and for any x G M. n , B(x) is a n x n antisymmetric matrix with 
elements B iik (x), B itk G C 1 (lR n ,M), which satisfy 

oBj u , . oBi i , . uBu j , . , 

for x = (x\, . . . , x n ) G W 1 and for l,i,k — 1 . . . n. 

For n — 3, the equation fll.ip is the equation of motion in M n of a nonrel- 
ativistic particle of mass m — 1 and charge e = 1 in an external and static 
electromagnetic field described by (V,B) (see, for example, [HJ Section 17]). 
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For the electromagnetic field the function V is an electric potential and B is 
the magnetic field. Then x denotes the position of the particle, x denotes its 
velocity, 'x denotes its acceleration and t denotes the time. 
For the equation (11. ip the energy 

E= 1 -\x(t)\ 2 + V(x(t)) (1.3) 

is an integral of motion. 

We assume that the electromagnetic coefficients V and B are short range. 
More precisely we assume that (V,B) satisfies the following conditions 

\d£V(x)\ < /%|(1 + |a;|)~ Q ~ |jl1 , x e W 1 , (1.4) 
\di 2 B hk (x)\ < (3 lM+1 (l + \x\r a - l ~^, xeR n , (1.5) 

fo r \jx\ — 2, 1.72 j < 1, i, k — 1 . . .n and some a > 1 (here ji is the multiindex 
ji = • • • ,3i,n) e (NU {0}) n , \ji\ = YTk=ih* and <%<l are positive real 
constants). We denote by |.| the norm on the short range electromagnetic 
fields defined by 

||(V,B)|| = sup ((l + \x\r + ^\d^V(x)\) (1.6) 

|jll<2 

+ sup Ul + \x\) a+1+ ^\d^B hk {x)\). 

| j*2 | < 1 , i,k = l.. .n 

Under conditions fll.4p - fll.5l) . we have the following properties (see, for 
example, [T7j and [15] where classical scattering of particles in a short-range 
electric field and in a long-range magnetic field are studied respectively): for 
any (t>_,x_) 6 K" x 1", t>_ ^ 0, the equation fll.ll) has a unique solution 
x e C 2 (R,W l ) such that 

x(t) = tv- + x_ +y-(t), (1.7) 

where \y-(t)\ + \y^(t)\ — > 0, as t — >■ — oo; in addition for almost any (u_, x_) G 
M n x R n , V- 7^ 0, the unique solution x(t) of equation fll.ll) that satisfies fll.7p 
also satisfies the following asymptotics 

x(t) = tv+ + x + + y+(t), (1.8) 

where v+ ^ 0, |y+(t)| + |y+(i)| — >■ 0, as t — > +oo. At fixed energy E > 0, 
we denote by S E the set {t>_ e IR n | |t>_| 2 = 2E} and we denote by V(Se) 
the set of (v_, x_) G x 1" for which the unique solution x(t) of equation 
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(11. lp that satisfies ( ll.7p also satisfies f ll.Sp . We have that V(Se) is an open 
set of E E x Rn and Mes((§^ x R n )\V(S E )) = for the Lebesgue measure on 
^xi" The map S E : V(S E ) -> X W 1 given by the formula 

S E (v-,x-) = (v + ,x + ), (1.9) 

is called the scattering map at fixed energy E > for the equation (11.11) . 
Note that if V(x) = and B(x) = 0, then v + = t>_, x + = x_, (v-,X-) G 
R n x E n , w_ ^ 0. 

In this paper we consider the following inverse scattering problem at fixed 
energy 

Given S E at fixed energy E > 0, find (V, B). (1.10) 

Note that using the conservation of energy we obtain that if E < sup R „ V 
then S E does not determine uniquely V. 

We mention results on Problem (ll.lOp . When B = and V is assumed 
to be spherically symmetric and monotonuous decreasing in \x\ (V is not 
assumed to be short range), uniqueness results for Problem (ll.lOp were ob- 
tained in [S1H2]- The scattering map S E also uniquely determines (V,B) at 
fixed and sufficiently large energy when (V, B) is assumed to be compactly 
supported inside a fixed domain of R™ (see [16] for B = and see [9]). This 
latter result relies on a uniqueness result for an inverse boundary kinematic 
problem for equation (11.11) (see [16] when B = 0, and see [3], [9]) and 
connection between this boundary value problem and the inverse scattering 
problem on M. n (see [TH] for B = 0, and see [9]). 

To our knowledge it is still unknown whether the scattering map at fixed 
and sufficiently large energy uniquely determine the electromagnetic field 
under the regularity and short range conditions (ll.4p and (II. 5p (see [TBI 
Conjecture B] for B = 0). 

In this paper we propose a generalization of results in [51 H2] for the short 
range case where no decreasing monotonicity is assumed. More precisely we 
have the following uniqueness result. 

Theorem 1.1. Let (X,R) G (0, +oo) 2 and let {V,B) be an electromagnetic 
field that satisfies the assumptions ( II. 2p . ( II. 4p and ( II. 5p and ||(V, B)\\ < A. 
Assume that B = outside B(0, K) and that V is spherical symmetric outside 
B(0, R). Then there exists a positive constant E(\, R) (which does not depend 
on (V, B) ) so that the scattering map at fixed energy E > E(X, R) uniquely 
determines (V,B) on M. n . 

The proof of Theorem 11.11 is obtained by recovering first the electric po- 
tential in a neighborhood of infinity using Firsov or Keller-Kay-Shmoys' re- 
sult [12] and then by recovering the electromagnetic field on M n using the 
following proposition which generalizes [91 Theorem 7.2]. 
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Proposition 1.2. Let (A, R) £ (0, +oo) 2 and let (V, B) be an electromagnetic 
field that satisfies the assumptions ( II .2p . ( II .4p and ( II. 5p and ||(V, £?)|| < A. 
Assume that (V, B) is known outside B(0,R). Then there exists a positive 
constant E(X, R) so that the scattering map at fixed energy E > E(X, R) 
uniquely determines {V,B) on M n . 

Concerning the inverse scattering problem for the classical multidimen- 
sional nonrelativistic Newton equation at high energies and the inverse scat- 
tering problem for a particle in electromagnetic field (with B ^ or B = 0) 
in quantum mechanics, we refer the reader to [H [TBI El EI] and references 
therein. 

Concerning the inverse problem for (II. ip in the one-dimensional case, we 
can mention the works [U [HJ |2] . 

The structure of the paper is as follows. In section [2] we prove Proposition 
11.21 In section[3]we prove Theorem ll.il In sectionHJwe provide similar results 
for the relativistic multidimensional Newton equation with electromagnetic 
field. 



2 Proof of Proposition 11.2 



2.1 Nontrapped solutions of equation ( 11.11 ) 



We will use the standard Lemma 12.11 on nontrapped solutions of equation 
(II. ip . For sake of consistency its proof is given in Appendix. 

Lemma 2.1. Let E > and let Re and Ce be defined by 

C E := 2E ; (2.1) 

(n/3 1 + 2A,)(l + y/2(E + f3 )) 

sup (l + \ x \)-<^. (2.2) 

\x\>R E 1 

If x(t) is a solution of equation (1.1) of energy E such that |a;(0)| < Re and 
if there exists a time T > such that x(T) = R E then 

W)\ 2 >R 2 E + E\t - T| 2 for t £ (T, +oo), (2.3) 

and there exists a unique (x+,v+) £ E n x B> E so that 

x(t) =x + + tv + + y+(t), t £ R, 

where \y+(t) \ + \y+(t)\ — > as t — > +oo. 

Note that Ce — > +oo as E — > +oo while sup| x | >J? (l-|-|x|) _a is a decreasing 



function of R that goes to as R — > +oo. Note that Lemma 12.11 is stated for 
positive times t but a similar result hold for negative times t. 
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2.2 The inverse kinematic problem for equation ( 11.11 ) 



We first formulate the inverse kinematic problem for equation (11.11) inside a 
ball of center and radius R > denoted by .8(0, R). For (m, I) G (N\{0}) 2 
and for a function / from -8(0, R) to R m of class C l we define the C l norm 
of / by 

\\f\\ &tR = sup \d%f{x)\. 

x£B(0,R), neN™ 
\a\<l 

We denote by dB(0, R) the boundary of the ball B(0, R). 

Then we recall that there exists a constant E(R, \\V\\(p r, ||S||ca_R) so 
that at fixed energy E > E(R, ||V||c 2 ,.r, 11-5 Hc\.r) the solutions x of equation 
(11.11) in -8(0, R) at energy E have the following properties (see for example 

for each solution x(t) there are ti,t 2 G M, t\ < t 2 , such that 

x G C 3 ([ti,t 2 ],M n ), (x(ti),x(t 2 )) e dB(0,R) 2 , x(t) G -8(0, R) for t e}t u t 2 [, 

ar(si) 7^ x(s 2 ) for s l5 s 2 G [ti,t 2 ], Si 7^ s 2 ; 

(2.4) 

and 

for any two distinct points go, Q G dB(0, R), there is one and only one solution 
a;(t) = x(t, E, g , g) such that x(0) = go, x(s) = g for some s > 0. 

(2.5) 

This is closely related to the property that at fixed and sufficiently large 
energy E, the compact set -8(0, R) endowed with the riemannian metric 
y/E — V(x)\dx\ and the magnetic field defined by B is simple (see [3]). 

For (g , g) two distinct points of 9-8(0, R) we denote by s(E, g , g) the time 
at which x(t, E, g , g) reaches g from g and we denote by k (E, g , g) the ve- 
locity vector x(0, E, g , g) and by k(E, g , g) the velocity vector x(s(E, g , g), 
E, go, g). The inverse kinematic problem is then 

Given k(E, g , g), k (E, g , g) for all g , g G dB(0, R), 
g 7^ g, at fixed sufficiently large energy E, find (V, B) in .8(0, .R). 

The data k (E, go, g), go, g), go, g G dB(0, R),qo 7^ g, are the bound- 
ary value data of the inverse kinematic problem, and we recall the following 
result. 

Lemma 2.2 (see, for example, Theorem 7.1 in [5]). At fixed E > || o 2 
||8||ci,r, R), the boundary data k (E,q ,q), (go,g) G dB(0,R) x dB(0,R), 
go 7^ g, uniquely determine (V, B) in -8(0, i?). 
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2.3 Relation between boundary data of the inverse 
kinematic problem and the scattering map Se 

We will prove that at fixed and sufficiently large energy E the scatter- 
ing map Se determines the boundary data k (E,q ,q), k(E,q ,q), g ,g G 
dB(0, R),q 7^ q. This will prove that Se uniquely determines (V,B) in 
B(0,R), which will prove Proposition 11.21 

Let R > and A > be such that (V, B) are known outside B(0, R) and 
|| (V, 5) || < A. Note that max(||V|| a > . B , ||5||c\i?) < \\(V,B)\\ < A. Thus there 
exists a constant E (X,R) such that at fixed energy E > E (X,R) solutions 
x(t) of equation (11.11) in B(0, R) at energy E have properties (12.41) and (12. 5p 
and such that at fixed E > E (X, R) the boundary data k (E, g , q), (g , q) G 
dB(0,R) x dB(0,R), q ^ q, uniquely determine (V,B) in B(0,R). Then 
using that the constant Ce — > +oo as E — > +oo in Lemma I2TT1 we obtain that 
there exists Ei(\, R) such that for E > Ei(X, R) we have sup| x | >Jj .(l+|x|)~ Q: < 
-f- so that Re can be replaced by R in Lemma [2. II 

Set E(X, R) = m&x(E (X,R),E 1 (X,R))andfrxE > E(X, R). Let G 
V(Se) and (v + ,x + ) = Se(v-,X-). We denote by x(.,V-,X-) the solution of 
equation (11.11) that satisfies (11. 7p (and (jl.Sp ). Set 

£_(#_,?;_) = sup{t G R | |x(s,x_,f_)| > R, s G (— oo,t)}, 
t + (a;_,i;_) = inf{t G R | \x(s, x_, u_)| > R, s G (£, +oo)}. 

Since (V, 5) is known outside B(0, R) we can solve equation (II. ip with ini- 
tial conditions (jl.7p and (jl.8p and we obtain that x(.,X-,V-) is known on 
(— oo, t_(x_, u_)] U [t + (x_, V-), oo). 

If x(s,x_,f_) G" B(0,R) for any s G R, then £±(or_,u_) = =Foo. If there 
exists s G R such that x(s, x_, i>_) G 5(0, i?) then set 

g = z(£_(:c_,i;_)), g = x(t + (x-,v..)). (2.6) 

Using Lemma 12.11 and E > Ei(X,R) we obtain that |x(s, x_, t>_) | < R for 
s G (t_(x_, V-), £+(#_, u_)) and g 7^ 9- (Note that if x(t) satisfies equation 
(11.11) then x(t + to) also satisfies (11.11) for any to G R.) Therefore we have 
x(s, X-,V-) = x(s— t-(x-, V-), E, g , g) for s G (t_(x_, i>_), t + (x_, i>_)) where 
x(£, go, g) is the solution of (11. ip given by (12. 5p . and we have 

k (E,q ,q) =a?(t_(ar_,u_)), fc(£, g , g) = x(t+(a;_, «_)). (2.7) 

We proved that the scattering map Se uniquely determines the data k (E, go, g), 
k(E,q ,q), (g ,g) G dB(0,R) 2 ,q ^ g, when (g ,g) = (a;(t_(a;_, «_)), x(t + (x-, v- 
for (a;_,f_) G T>(Se)- And using again Lemma 12.11 we know that for any 
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(qo,q) € dB(0,R) 2 , q ^ q, the solution x(t, E,q ,q) given by (I2.5P satisfies 
ffTTj) and ([IS]) for some (ac ± ,u±) G R n x and that \x(t,E,q ,q)\ > R for 
t < and t > s(E, go, <?)• Thus uniquely determines the data ko(E, q , q), 
k(E,q ,q), (q ,q)edB(0,RY,q ^q. □ 



3 Proof of Theorem 11.11 

In this section we assume that the electromagnetic field (V, B) in equation 
(11.11) satisfies (11.41) and (11.51) and is so that B = and V is spherically 
symmetric outside B(0, R) for some R > 0. Let W E C 2 ([R, +oo), M) be 
defined by V(x) = W(\x\) for x B(0,R). From flU]) it follows that 

sup(l + r) a \W{r)\ < fa and sup(l + r) a+1 \W\r)\ < h (3.1) 

r>R r>R 

where W denotes the derivative of W. 



3.1 The function r m i n; 
Set 

P := (2E + 2A,) * max (J2, (^^) - ) . (3.2) 
Then for q > (3 consider the real number r mini(? defined by 

q 2 

r min , g = sup{r G (R, +oo) | W(r) + ^ = E}. (3.3) 
The function r minj . has the following properties. 

Lemma 3.1. The function r m i nj . is a C 2 strictly increasing function from 
[(3, +oo) to (R, +oo) and we have ^ in „W'(r mini9 ) < q 2 for q > (3 and 



W{r ~ ) + = E > ~df = q 2 -r* w\r ) > (3 ' 4) 



In addition the following estimates and asymptotics at +oo /io/d 

9 

- 2(3 q- a (2(3 + 2E) 

+ 0(g 1 ~ a ), as q ->■ +oo. (3.6) 



" V2E 

Lemma 13.11 and works [SI H2] allow the reconstruction of the force F in a 
neighborhood of infinity. In sect ions 13 . 2 1 and I3T31 we develop the reconstruction 
procedure given in [51 IT2]. 



V2E + 2/? ° (2E-2/3 g-(2/3 + 2E)f) 2 

(3.5) 
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3.2 The scattering angle 

Let V be a plane of R n containing and let (ei,e2) be an orthonormal 
basis of V. For {v\,v%) G R 2 and for u = v\t\ + t>2e2 we define v 1 G P by 
V" 1 = — «2ei + fie 2 . 

Let q > f3. Then set x_ := (2E)~zqei and w_ = \j2Ee2- We have = 
and x_ • = —q, and for such couple (x_,t>_) we consider x q (t) the 
solution of fll.ip with energy E and with initial conditions ( II. 4p at t — > — oo. 
Let t_ := sup{t G R | |a; 9 (s) | > R for s G (— oo,t)}. We will prove that 
t- = +oo. Since the force F in f ll.ip is radial outside -6(0, R) we obtain that 

x q (t) eVfoite (-oo,t_). 

We introduce polar coordinates in P. We write x q {t) = r g (t)(cos(9 q (t))ei(t) + 
sin(9 q (t))e2) for t G (— oo,t_) where the functions r q , 9 q , satisfy the following 
ordinary differential equations 

r q (t) = -W'{r q {t)) + (3.7) 
r q (t) 2 9 q (t) = q, for some q G R. (3.8) 

Asymptotic analysis of x q {t) at t = — oo using the initial conditions (II. 4p and 
?/_(£) = o(t _1 ) as t -> — oo (see for example [HI Theorem 3.1] for this latter 
property) shows that q' = q. We refer the reader to the Appendix for details. 
The energy E defined by (11.31) is then written as follows 



2E = r q (ty + -^ + 2W(r q (t)). (3.9) 



Let t q = mf{t G (— oo,£_) | r q {t) = r mini(? }. Then using ( 13. 3 p and ( 13. 9 p we 
have r q {t q ) = 0. Since r q satisfies the second order differential equation (13. 7p 
we obtain that t_ = +oo, r q (t q + 1) = r q (t q — i) for t G R, and ±f q (t) > for 



±t > t q . We thus define 



r +co dt r +co dt 

The integral (I3.10p is absolutely convergent and from (13 .8p it follows that 
qg(q) = J R 9 q (s)ds is the scattering angle of x q (t), t G R. 
Note also that from (I3.8P we have 

S 1>E {V2Ee 2 , (2E)- 1 2qe 1 ) = ^(cos (qg{q) + |),sin (qg(q) + |)), (3.11) 

for q G [p, +oo) and where Si t E is the first component of the scattering map 
Se- Note that qg(q) — > as q — > +oo and that g is continuous on [(3, +oo) 
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(these properties can be proven by using [Till Theorem 3.1] and continuity of 
the flow of (11 .11) ). Hence using (13. lip we obtain that Si e uniquely determines 
the function g. 



3.3 Reconstruction formulas 

Let x be the strictly increasing function from [0, (3~ 2 ) to [0, t"^), continuous 
on [0, (3~ 2 ) and C 2 on (0, (3~ 2 ), defined by 

X (0)=0, andxW=r 1 i, for cr e (0, /3~ 2 ). (3.12) 

min,<r 2 

Let : (0,x(/3~ 2 )) — ► (0,/3 -2 ) denote the inverse function of x- From (13. 4p 
and (13.121) it follows that 

2{E-V{ X {u)- 1 )) = for M G(0,/3" 2 ), (3.13) 

u 

2{E-V{s- 1 ))<P{s) = s 2 , for S G(0, X (r 2 )). (3.14) 
Define the function H from (0, (3~ 2 ) to R by 

i%) := f ^f!^ for a E (0, /3- 2 ), (3.15) 



I. :-q , N 



Hence is known from the first component of the scattering map Se- 
The following formulas are valid (see Appendix for more details) 

„. . f x{a) ds 1 dH . < d , , , 

Jo V 2 ( E - v ( s )) n v a da da 
for a e (0,/T 2 ). 

Then note that from (13.61) it follows that x( a ) = ({2E)^ +0(a~^ 

(2E)^a^+0(a B i 1 ) as a ->• 0+ and ln ((2£)5x(<r)<7-*) = ln(l+0(«rf )) 

as cr — y + (note that we just need the assumption a > 0). Therefore we 
obtain the following reconstruction formulas 

X (cr) = (2E)-^ah J ° t^wW-^)* f or a e (0,/T 2 ), (3.17) 
W(s) = E - 2g2 ^ (s _ 1) for s € (r min ^, +oo). (3.18) 

/3' = ? r . (3.19) 



Set 



2£ - 2/3 /3- Q (2/3 + 2£) 



a \ - 



Then note that from (I3.5P and (13.21) . it follows that 



r min ,/3 < &■ (3.20) 

Therefore from (13.1 7p and (I3.18P we obtain that W is determined by the first 
component of the scattering map Se on (/?', +oo). 

The proof of Theorem 11.11 then relies on this latter statement and on 
Proposition 11.21 □ 

4 The relativistic multidimensional Newton 
equation 

4.1 Uniqueness results 

Let c > 0. Consider the relativistic multidimensional Newton equation in an 
electromagnetic field 

p = F(x,x) := -W(a?) + -B(x)x, (4.1) 

P = - r L=,P=^,i = ^,xeC*(R,W"), 
'l _ ML dt at 



where (V,B) satisfy (jl.2|) . (jl.4p and (II .5p . The equation (14.11) is an equation 
for x = x(t) and is the equation of motion in ~R n of a relativistic particle 
of mass m = 1 and charge e = 1 in an external static electromagnetic field 
described by the scalar potential V and the magnetic field B (see jl] and, for 
example, [EJ Section 17]). In this equation x is the position of the particle, 
p is its impulse, F is the force acting on the particle, t is the time and c is 
the speed of light. 

For the equation (14. ip the energy 



E = S \/ 1 + M^L 2 + V{x{t )) = c ' + V {x{t)), (4.2) 
c • '1 — 



is an integral of motion. We denote by B c the euclidean open ball whose 
radius is c and whose centre is 0. 

Under the conditions (ll.3j) . we have the following properties (see [IB]): for 
any (t>_, xJ) G B c xR n , w_ ^ 0, the equation (14. ip has a unique solution x G 
C 2 (M,M n ) that satisfies dUTJ) where y_ in ([LTD satisfies |y_(t)| + | y_ (t) | 0, 
as t — > — oo; in addition for almost any (t>_,x_) G B c x R™, t>_ ^ 0, the 
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unique solution x(t) of equation (II. ip that satisfies ( ll.7p also satisfies the 
asymptotics 

x(t) = tv+ + x+ + y+(t), (4.3) 
where v + ^ 0, + |y+(£)| - > 0, as t — > +oo. At fixed energy E > c, 

we denote by S^, c the set {t>_ G R™ | = cy 1 — and we denote 

by ©(S'g 1 ) the set of G §e,c x IR n for which the unique solution 

x(t) of equation (14.1 p that satisfies (jl.7p also satisfies (II .8p . We have that 
V{Sf) is an open set of S E x E n and Mes((§ EjC x R n )\V(S r £ 1 )) = for 
the Lebesgue measure on S E , C x R n . The map S T £ l : V(Sf) -»■ § s , c x M n 
given by Sjf^U-, x_) = (t> + , is called the scattering map at fixed energy 
E > c 2 for the equation (14.11) . Note that if V(x) = and B(x) = 0, then 
v + = d_, s + = a;_, (f_,a;_) E B c x ]R n , u_ 7^ 0. 

We consider the inverse scattering problem at fixed energy for equation 
(14.11) that is similar to the inverse problem (ll.lOp 

Given at fixed energy E > c 2 , find (V, B). (4.4) 

Note that using the conservation of energy we obtain that if E < c 2 + sup R n V 
then Se does not determine uniquely V. 

For problem (14. 4p Theorem 1 1 . 1 1 and Proposition II .21 still hold. In Sections 
4.21 and 14.31 we sketch the proof of Theorem 11.11 and Proposition 11.21 for 
equation (14.11) . 

For inverse scattering at high energies for the relativistic multidimensional 
Newton equation and inverse scattering in relativistic quantum mechanics see 
[S] and references therein. 

Concerning the inverse problem for (14. ip in the one- dimensional case, we 
can mention the work [6]. 



4.2 Proof of Proposition 11.21 for equation (14.11 ) 

We first consider the analog of Lemma 12.11 

Lemma 4.1. Let E > c 2 and let Re and C^ 1 be defined by 

«*. c 2 ((^ + i) 2 -iK _ H , ^_ a cf 



Cf := min f — -, " ~ > J ), sup (1 + \x\)^ < -f-. (4.5) 
v Wo A(5 in { i[ \J > + l) 1 \x\>r e 2 

If x(t) is a solution of equation (1.1) of energy E such that |x(0)| < Re and 
if there exists a time T > such that x(T) = Re then 



1 c 2 ((^- + ir - 1) 

<t)\ 2 >Rl + ~ 2 K 3 (l c2 ) ^2 \t -T? forte (T, +00), (4.6) 
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and there exists a unique (x + ,v + ) G R"x§ E)C so that x{t) = x + +tv + + y + (t), 
t G R, w/iere + ->• as t ->■ +00. 

The proof of Lemma 14.11 is similar to the proof of Lemma 12.11 
The solutions x(t) of equation fl4.ll) in -8(0, R) for some R > also have 
properties (12 .4p and (I2.5p at fixed and sufficiently large energy. Therefore at 
fixed and sufficiently large energy we consider the inverse kinematic problem 
in a ball -8(0, R) for equation (14.11) similar to the inverse kinematic problem 
given in Section [2721 Then Lemma [2.21 still holds (see [9] Theorem 1.2]) and 
the connection between boundary data of the inverse kinematic problem and 
the scattering map S r £ l is similar to the one given for the nonrelativistic 
case in Section 12.31 (note that the radius R has also to be chosen so that 
sup| 2 .| >J? (l + |x|)~ Q < c 2 /(144/3i7i) = Um.E^+00 C^ 1 ) . This proves Proposition 
Ofor equation (HTTi) . □ 



4.3 Proof of Theorem 11.11 for equation (14.11 ) 

We assume that the electromagnetic field (V, B) in equation ( 14. ip satisfies 
( II. 4p and (II. 5p and is so that B = and V is spherically symmetric out- 
side B(0,R) for some R > 0. Let W G C 2 ([R, +00), R) be defined by 
V(x) = W(\x\) for x £ B(0,R). We give the analog of Lemma I3~T1 Let 



/3 = (2/3 2 )^(E(2/3 + /30 + /3i/3o-((^(2/3 + /3i) + /3i/3o) 2 -4/3 2 (8 2 -c 4 ' 
and set 



P := max I p, I - _ - J E cV (E + /3 ) 2 - c 4 



E 

(4.7) 

Then for q > (3 consider the real number r min 9 defined by 



r miQ , q = sup{r G (R, +00) | (E - W(r)) 2 - c 4 - ^5 = 0}- (4.8) 



The function r miriv has the following properties. 

Lemma 4.2. T/ie function r miiv zs a C 2 strictly increasing function from 

[P, +00) to (i?, +00) and we have r^W (r miniq )^=^^^ < q 2 for q > 
P and 

(E - W(r min:g )) 2 - c 4 - = °> ( 4 - 9 ) 

' min,g 

rfrmin ' ( ? = E 2 qr min>q 

" -c 2 (E-W(r min , q ))rl in q W'(r mhl , q ) + q 2 E* } 
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In addition the following estimates and asymptotics at +00 hold 

qE Eq tl , 

<r min , g <— p= (4.11) 



<V (£ + A)) 2 - ' J( E _a( 5 )-«) 



c 4 



for q > (3, and 

nF, 

+ 0(q L ~ a ), asq^ +00. (4.12) 



11111119 " cVE^ 



Then take any plane V containing and keep notations of Section 13.21 
Let q > p. Then set x_ := (cy/1 — c^/E 2 )~ l qe\ and t>_ = CsJ\ — c i /E 2 e 2 , 
and consider x q (t) the solution of (14.11) with energy E and with initial 
conditions (11.41) at t — > —00. We write x q in polar coordinates: x q (t) = 
r q (t)(cos(9 q (t))ei(t) + sm(9 q (t))e2) for t G (— oo,£_) where £_ := sup{t G 
R I l x g( s )l > -R for s G (— 00, t)} and the functions r q , 8 q , satisfy 

-W'(r q (t)) 2 2 E-W(r q (t))-rW'(r q (t)) 
q[) ' E-wtoS& Y +q r\E-W(r q (t))f ' ^ 



(4.14) 



1 



r g (t) 2 fl g (t) = qE 

_ r q (t)*+r q (i)H q (t) 2 C 2 ' 

„2 



The energy 22 defined by (14.21) is then written as follows 

r q {tf g 2 ^ 2 

c 2 (E - W{r q {t))Y c\(ty(E - W(r q (t))Y 



(4.15) 



We also have 

Similarly to Section 13721 we have t_ = +00, r g (t g + 1) = r g (i 9 — i) for t G R, 
and ±r q (t) > for ±t > t q where t q = inf{t G (— oo,t_) | r g (t) = r mini(? }. 
We thus define 

9[q) ~ J 00 r q {ty{E-W{r q {t))) - 2 ] tq r q (t)\E-W{r q {t))y ( ^ } 
From (I4.16P Eqg(q) = j R 9 q (s)ds is the scattering angle of x q (t), t G R, and 

S5j(«-,x_) = c v / T^W(cos (J5g^((7) + |),sin (Eqg(q) + |)), (4.18) 
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for q G [/3, +00) and where S[ el E is the first component of the scattering map 
Sg l . Since qg(q) — > as q — > +00 and that g is continuous on [(3, +00) S[ cl E 
uniquely determines the function g. 

We now provide the reconstruction formulas for W from g in a neighbor- 
hood of infinity . Let x be the strictly increasing function from [0, /3 -2 ) to 
[0, r~j n a), continuous on [0, f3~ 2 ) and C 2 on (0, (3~ 2 ), defined by x(0) = and 
X(cr) ='r _1 1 for cr G (0,/T 2 ). Let <p : (0,x(/3" 2 )) -» (0, (3~ 2 ) denote the in- 

min,<T 2 

verse function of x- From H4.9[) it follows that (E— "K(x(m) -1 )) 2 — c 4 — - = 
for u G (0,/3" 2 ),and ((E-\/(s- 1 )) 2 -c 4 )0(s)-^ = for s G (0,x(/?~ 2 )). 

Define the function if from (0, j3~ 2 ) to R by (I3.15p . The following formulas 
are valid 

H{a) = 71 / . ^^(^ = -r In (X (o- , (4.19) 

for a G (0,/3~ 2 ). The proof of formulas (14.191) is similar to the proof of 
formulas (I3.16p . 

Then note that from fl4TT2]) it follows that xW) = ( C V^ 2 -^ a ~ ^ +0 
= c^^ah + O(a^), a -> 0+, and 

In (— S^L) = ln(l + O(o-t)) 0, as a ^ + . (4.20) 

Therefore we obtain the following reconstruction formulas 

X (a) = cVE2 ~ C \ h^(^ {s) -^ ds , for ae (0,/T 2 ), (4.21) 

= £ - (c 4 + c2a2 ^ a _ 1) ) , for s G (r min>/3) +00). (4.22) 
Set /?' = 2 r- Then note that from (@~7]) and ( HTTj) it 

^2S-2/3 /3- Q (2/3 +2£)t j 

follows that r minj/3 < /?'. Therefore using (I4.2ip and (14.221) we obtain that W 
is determined by the first component of the scattering map S r £ l on (/?', +00). 

The proof of Theorem 11.11 for equation (14.11) then relies on this latter 
statement and on Proposition 11.21 for equation (14.11) . □ 



A Proof of Lemmas 2.1 and 3.1 



In this Section we give a proof of Lemmas 12.11 and 13.11 and we give details 
on the derivation of formulas (13.161) and the equality " q — q'" in Section 13.21 
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Proof of Lemma \2.1[ We will use the following estimate. Under conditions 
([I3D and (TUSD we have 

\F{x,v)\ < /9in(l + |a;|)- (a+1) (l + |v|), for (z,v) G R n x R n . (A.l) 

Let 

I{t) = \\x{t)\\ (A.2) 
Then using the conservation of energy and equation (1.1) we have 

j(t) = x (t)-x(t), (A.3) 
I(t) = 2E-2V(x(t))-x(t)-F(x(t),x(t)), (A.4) 

for t G R. Using flA~T|) and estimate on V and |i|(t) = y/2(E - V(x(t))) < 
y/2(E + (3 ) for t G R, we obtain that 

7(t) > 2£ - 2/3 (l + \x(t)\)~ a - 71(3,(1 + ^2(E + (3o))\x(t)\(l + ^(t)!)-^ 1 
> (2/3 + n/3i)(l + y/2(E + f3 ))(C E - (1 + |x(t)|)~ a ), (A.5) 

for tel. Hence we have 

I(t) > (2/3 + + y/2(E + p ))^ = E whenever |x(t)| > (A.6) 

Let t = inf{t G [0,T] | |x(t)| > Then using (1A~2|) we have 

j W = , im - f o - "> > 0. (A.7) 

Combining ([Qjl and (IA~7j) we obtain that |x(t)| > /(t) > 0, I(t) > £? 
for t G [t , +oo). Moreover we have 

J(t) = /(t ) + /(to)(t-to)+ / (s-t )I(s)ds > \r 2 e + ^ it -to) 2 , (A.8) 



for t G [t , +oo). This proves (Q. Then using that |x(t)| < \f%E + /3 ) for 
t G R and using (12.31) we have 

\F(x(t), x(t))\ < nft(l + v^|r - T|)-^ +1 >(l + ^(E + &)), (A.9) 

for r G [T, +oo[. Equation (1.1) then gives 

x(t) = x + + tv + +y+{t), (A.10) 
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for t G (0, +00), where 



+00 



v+ = x(0)+ / F(x{t),x{t))cIt, (A.ir 



r+00 r+00 

x+ = x(0)- / F(x(r),x(T))dTda (A.12) 

JO J a 

/+00 r+00 
J F{x{r),x(r)))drda, (A.13) 

for t G (0,+oo), where by the integrals in flA~T2|) and (tOSj) 

are absolutely convergent (a > 1) and |y+(£)| + — as £ — » +00. □ 

Proof LemmaWJl Note that for q > (3 we have q 2 /{2R 2 ) > E+/3 (1+R)~ a > 
E - W(R) and lim r _> +00 q 2 /(2r 2 ) = < E = \im r ^ +00 (E - W(r)). Hence 
using (13. 3 p we obtain r minj(? G (R, +00) and 

^(r min , 9 ) + = E, (A.14) 

min,g 

for q G [(3, +00). 

Let q G +00). From flA.14jl it follows that q 2 /(2r 2 ainq ) < E + f3 and 
then r min g > qj \/2{E + /3q). Combining this latter estimate and estimate 
(13. ip we obtain that 

2(^- sup W(r)) < < 2(s- inf W(r)Y 

~-( 1 >~\ r mm,q V rg f . 9 ,+oo) ' 

(A.15) 

Then using again (13. ip we obtain 



sup \W(r)\ < O =| = . (A.16) 



r£ , q —.+00 

V V2(B+^ ) 



Combining (1A. 15|) and ( 1A.16[) we obtain 



< ^min,, < , q ==■ (A.17) 



(2(g+ft,))T ' / Q p no (2(g+/3 ))7 



2£ + 2/ V'% P °" \j2E-2f3 Q 

Estimates (13.51) and the asymptotics (13. 6p follows from (1A.17I) . 
Note that using (13.11) we have 

rW'ir) < f3 ir - a < (3 iq - a (2(E + (3 ))% , (A.18) 
2E-2W(r) > 2E-2f3 r- a > 2E - 2f3 q- a (2(E + (3 ))% , (A.19) 
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for r > q(2(E + /3 ))"i and q>/3. From ([08]) and fTA~T9]) we obtain 

rW'(r)<2£-2^(r), (A.20) 

for r > g(2(i£+/3o))~5 and q > (3. Then consider the function / G C 2 ([/3, +00) x 
(i2,+oo),R) defined by f(q,r) = 2E - 2W(r) - £ for (q,r) G [/3, +00) x 
(i?, +00) (f (q,r) = -2W'(r) + 2g 2 /r 3 ). We have /(g,r min , g ) = for q > (5 
and from the implicit function theorem and (1A.17|) it follows that r mill) is a C 2 
strictly increasing function from \J3, +00) to (R, +00) so that r 3 ^ q W'(r m i nt q) < 
q 2 for q > [3 and the derivative of r miiv is given by (13.41) . □ 

Derivation of formulas (I3.16p . We first make the change of variables "r" = 
r q {t) in d3HD]) (dr = r g (t)<ft and f ? (t) = yj2E - ^ - 2V(r q (t)), see (0) 
and we obtain 

<?(<?) = 2 / . for q > (5. (A.21) 

A min , q r 2 J2E- 4 -2V(r) 



Performing the change of variables "r 1 = s" in (1A.21|) we obtain 

ff («-3) = 2/ 5 for it G (0, /3 2 ). (A.22) 

'2£ - f - 2V (s- 1 ) 



Let a G (0,/3~ 2 ). From (1AT221) and f[3TT5j) it follows that 

E{o)= \ / / h(w v( ~ ^= 2 1 ds - (A ' 23) 

Jo \/4>(s) V 17 ~ Uy/2(E — V(s L ))u-s 2 

And performing the change of variables u = 0(s) + e(cr — 4>{s)) in (lA.23j) 
(c?m — (a — 4>(s))de) and using the equality (I3.14p we obtain 

du , .1 _-, (iti 

1 s 2 s ' 



s ) V " - uy / 2(E - V(s - s 2 J<j>(s) \/a — u^Ju — <f)(s) 

= V 1 I dE = 0(s)W (A.24) 

Jo y/ey/l - £ 

for s G (0, x(/3 -2 )) (we used the integral value n = J -jJ^=). Using ( ]A.23[) . 
f[A24|) and fl3TT4j) we obtain the first equality in f l3TT6|) 



[ Xi } 0(s)3s _1 tfa = vr [ X \2(E - V^- 1 )))- Us. (A.25) 
Jo Jo 



H(O-) = 7T 
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From (IA.25P it follows that 

dH , , 



71 



dx, 



(A.26) 



Then combining ( 13 . X3j) and (IA.26P we obtain the second equality in (I3.16p . 

□ 

We end this appendix by giving details on the equality q' = q in section 
13.21 We keep the notations of section I3T2"1 We set uq = (-) and we have 

r 2 9ug — rx — fx — r(u_ + y) — r(x_ + tv- + ?/_). (A. 27) 

Using x_ • v _ = and y- = o(l), y_ = o(t~ 1 ), as i — > — oo, we have 



r(t) = 
f{t) = 

and we obtain 



\x- +tv_+y_\ = (t 2 |w_| 2 + 2ty_ • v_ + |x_ +£/-| 2 )' 
— + o(l), t — oo, 
(n_ + y ) ■ (x_ + + y ) t\v-\ 2 + o(l) 
r(t) ~ -t\v_\ +o(l) 

— |u_| + o(t _1 ), £ — >■ — oo, 



(A.28) 



(A.29) 



r 2 6> Me = (-|u_|* + o(l))(u_ - +o(r 1 ))(x_ 

= |v_|a?_ + o(l), t -+ -oo, (A.30) 



u 9 



z(t) 
r(t) 



X_ + tV- + o(L 

= tivj + o(i) 



-^ + 0(1), t ->■ -oo (A.31) 



where w = t^t for w 7^ 0. Using (1A.30j) and (1A.31 jl we obtain 



r 2 9ug ■ vl ± = x_ • + o(l), Me • v_ 



-l + o(l), t -> -00, (A.32) 



which proves that g' = r 2 # = — x_ • v_. 



□ 
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